THE ASYMPTOTIC BEHAVIOR OF THE COLORED JONES 
FUNCTION OF A KNOT AND ITS VOLUME 

HITOSHI MURAKAMI 

Abstract. I show various calculations of the limit of the colored Jones func- 
tion for the figure-eight knot and confirm R. Kashaev's conjecture in this case. 



1. Introduction 

The Jones polynomial V{L;t) e Z[t^/^ ,t-^/^] was first introduced by V. Jones 
1^ as a link invariant which satisfies the following recursive formula: 

iv{0;t) = l, 

\tV{L+-t) - t-^V{L^;t) = (^1/2 „ t-^/^)v{Lo;t), 

where O is the trivial knot and {L+,L^,Lq) is a usual skein triple of links. (The 
original version uses a different normalization.) Let V/v(i;0 denote the colored 
Jones polynomial, colored with the TV-dimensional irreducible representation of 
s^2(C), which can be defined by using an enhanced Yang-Baxter operator 
We use the normalization for VN(L;t) such that V2(L;t) = V{L;t) (Note that 
VN{0;t) = 1.) We also denote y7v(i; exp(27r\/^/A^)) by Jn{L) and call it the 
colored Jones function. 

In ||8| we proved that Jn{L) is the same as Kashaev's invariant 1^ and generalized 
his conjecture to 

Conjecture 1.1 (Volume Conjecture). 

N^oo N 

for any knot K £ . Here V3, is the volume of the ideal regular hyperbolic tetrahe- 
dron and \\K\\ is the Gromov norm of S^\K 

Remark 1.2. Kashaev's conjecture is for hyperbolic knots; 
Conjecture 1.3 (Kashaev ||^). Let K he a hyperbolic knot then 

2.1im i^^^^=Vol(5nx). 

JV— ►oo IS 

Note that since for a hyperbolic knot \\K\\ = Yo\{S^ \ K)/v3, our conjecture is a 
generalization of Kashaev's conjecture. 

In this article I will describe how to calculate the colored Jones function and 
show various ways to confirm Kashaev's conjecture for the figure-eight knot. 

Remark 1.4. 

1. Kashaev proved his conjecture for the knots 4i, 62, and 61 ||^. 

2. Kashaev and O. Tirkkonen proved the volume conjecture for torus knots 
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3. Y. Yokota proved Kashaev's conjecture for the knot 62 in jl^ and suggests a 
proof for general hyperbolic knots. See also his forthcoming paper [Q. 

4. The volume conjecture is proved for the knots 63, I2 and 89, and for the 
Whitehead link in §. 
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and at Kyushu University in December 1999. Especially I am grateful to J. Mura- 
kami, M. Okamoto, T. Takata, and Y. Yokota for useful conversations. 



2. How TO CALCULATE THE COLORED JONES FUNCTION FROM A (1, 1)-TANGLE 

In this section I show how to calculate the colored Jones function of a knot from 
its (1, l)-tangle diagram. 

Let D hea (1, l)-tangle diagram of a given knot K. We assume that D is generic 
with respect to the height function with end points at the top and at the bottom. 
In particular each crossing in D is one of the following eight forms. The diagram is 
decomposed into arcs after we cut it into four arcs at each crossing. We label each 
arc and each crossing with parameter from to — 1. 

For each crossing we assign a complex number as follows, where 6ij is Kronecker's 
delta. 

. CV+V'J — A, . , A,. / iN»+fc+l »fc+(»+fc)/2+(Af" + l)/4 

{q)rn[q)k(q)i 



iQ)miq)k^{q)i 



(\/-Y'^—S,- fi,. ^ (g)»(g)j , -,v,-+;+i j;-(,+;)/2-(Ar^ + i)/4 

Wm[q)k {q)i 



(X,„)fe ; 5i.,l-,n5j,k 



{q)m{q)k{q) 



(^_'^y+k+l ^-ik-(i+k) /2-(N^ + 1) /A 



\ 



k 
\ 

k^ 

i 



iq)miq)k {q)i 



A... 1^ ^■^k+l + l^-kl-(i+j)/2-(N''+l)/4 

{q)m{q)k{q)i 

{q)i{q)] 
{q)m{q)k{q)i 



(Xm)fc'i ^kJ-mSi^l+m 



0^m)kA '■~ ^j,k+m^l,i-m 



l^_^-^k+l + lqkl+{i+j)/2+{N^ + l)/A 
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(•V+Y^^ — X, . . A., ^^^3 ( 1 V+.? + l„»? + (fc+n/2 + (jV" + l)/4 



For each local minimum and maximum where an arc labeled with i goes from 
left to right, we assign the following quantities. 



Then we take the product of all the quantities above and take the summation with 
all the labels running non-negative integers less than N keeping the labels of two 
end points of the (l,l)-tangle 0. (We may choose the labels of the end points 
arbitrarily.) 

Note that (Xm)fc"iJ -"i^ and are obtained from the i?-matrix i?j , /ij, and [i^^ 
respectively which appear in the enhanced Yang-Baxter operator corresponding to 
the A^-dimensional irreducible representation of s^(2,C) ||^, |ll|| (see also We 
also note that X) X) and X can be obtained from X) "-^j and 



3. The colored Jones function of the figure-eight knot 

Let us consider the figure-eight knot whose (1, l)-tangle description is shown in 
the following figure. 




Now we attach a label to each arc and crossing noting that the difference of the 
labels should be non-negative if we go through an under-crossing and non-positive 
if we go through an over-crossing (note Kronecker's delta in (Xm)fc"i)- The labels 
are indicated in the following figure, where integers of bold faces are attached to 
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the crossings. 




Then our invariant is 
(3.1) 

Jjv(4i) 

= 5Z (X(l)o,i ^ 0^th,i+j ^ )o,j ^ '^3 ^(Xi ) 0,"' j ^ 



0<i<iV-l 
0<j<N-l 
0<i+j<N-l 



Mi_!.(_i)^+iq«/2+(JV^+l)/4 



('z).('z)7'(9)r+, 



0<i<N-l 
0<j<N-l 
0<i+j<N-l 

X (^)j ( x)-' + lg-j/2-(Af^ + l)/4 (gW3-(g)» j^ 2)-^" + ^g~'^"/^~^^' + ^^/^ 
X gi-(W-l)/2^-i+(W-l)/2 

(g)»+j(g)»+j 

0<j<Af-l 
0<i+i<Af-l 



4. The limit of the colored Jones function of the figure-eight knot 



In this section I describe the calculation of the limit of log(Jjv(4i)) /N due to 
T. Ekholm, and confirm Kashaev's conjecture for the figure-eight knot. Putting 
k := i + j in (3.1) we have 



Jjv(4i 



N-l k 

= EE 



{q)k{q)k 



{q)i{q)k~i 

^(_l)'c(,l/2_^-l/2)2fe[^p 



fc=0 i=0 
N-l 



fe=0 

k 

X 



^^_-|^^i^(fc^+fc-2ifc-2i)/4_ 



1 



((7I/2 _g-i/2)fe[i]![/,_i]! 

= (_l)fegMfe+l)/4(gl/2 _ q-l/2)fe[fc] ^(_i)»g-«(fc+l)/2 



fc=0 
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B 



Since {q)i = (-l)'g'('+l)/4(gi/2 _ q-^yH] and {q)i = g-K;+i)/4(^i/2 _ q-i/y[l]. 

Now using 1^, Lemma A.l] we have 

(4.1) 



k=0 
N-1 



= > < 2sm — TT X 2sm — tt 



k 

X 2 sin ( — TT 



Remark 4.1. The formula (4^) was obtained by Kashaev (2.2)]. The colored 
Jones polynomial for generic t is 

N~l k 

E n (i^^^''^^ - ^t^N~l)/2 _ ^-(W-;)/2^ ^ 

fe=0 1=1 

which was first obtained by T. Le. One can obtain this formula by using technique 
described here using i?-matrix for generic t. 

Now we will calculate the N oo Hmit of log( JAr(4i))/iV, which was first 
obtained by Kashaev The following calculation is due to Ekholm. 

Theorem 4.2 (Kashaev and Ekholm). 

2n lim l»g('^^(4i)) ^6Jin, 
N^oo N \3/ 

where Jl{a) is the Lobachevsky 



/•a 

JI(a) := - / log |2 sin 

^0 



Note that the volume of the ideal tetrahedron with face angles a, (3, and 7 (a + 
/3 + 7 = 27r) is Jl{a) + JI(/3) + JI(7) and that the figure-eight knot complement 
can he decomposed into two regular ideal tetrahedra. Therefore the equality above 
shows that the left hand side equals the volume of the figure-eight knot, confirming 
Kashaev 's conjecture in this case. 

k / ■ \ 

Proof. Put gk ■= 2sin f j so that Jn{4:i) — E 9k- Since 

3 = 1 ^ ^ fc=0 

2sin(A.)<l whenA<lorA>5^ 

2sin(i^.)>l wheni<i^<| 

N , 5N , , iV , 5iV 

gk IS decreasing when k < — or k > and mcreasmg when — < k < . Thus 

6 6 6 6 

5N 

(roughly speaking) gk attains its maximum at A; = . 

6 

Since there are N terms in the summation formula of JAr(4i), we have 

55^/6 < ^Jv(4i) < A^Ssiv/e. 
Taking log and dividing by N we have 

2l0gg5Af/6 ^ log JAf(4i) ^ 21ogff5jv/g log iV 

N - N - N N ' 
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which turns out to be 

^^^^ log2sin(^7r) ^ log Jjv(4i) ^ J^^^ log 2 sin ( ^ tt) ^ logTV 



N 



N 



logiV 

Since lim — 7^ = 0, we have 



lim 



log JAf(4i 

N 



2 lim y i°g2B-(^7r) 



57r/6 



N 







JI 



— log 2 sin X dec 

TT 



On the other hand from ||^, Lemma 1] we have 



2^(6)+2^(6 + 2) 
lince J 

/TT 



2JI 



(since JI has period tt) 

'vr TT^ 

.6 ~ 2, 
(since JI is an odd function) 



I JI ( - 

V6 



Therefore ( J) = ^ (J) and 



JI 



= - J[ 



2 JI 



We finally have 



completing the proof. 



lim 



(!) 



□ 



5. Saddle point method 



In this sect ion I follow Kashaev js) and calculate the limit of log(JAr(4i)) /N 
directly from ( |3.l|) using the saddle point method. Note that Kashaev calculated 
the limit from ([l.l|) using the same method. 

From 11, (q), = 5^(7- 7r)/5^(-7r + 7 + 2^7) and (q), = 5^(7r-7-2i7)/5^(^-7) 
with 7 = tt/N and S^{p) an analytic function of p which behaves like 



S-yip) ~ exp 



Li2(-eP^) 



27 V- 1 

for small 7, where Li2(C) is Euler's dilogarithm 

iog(i - 



Li2(C) = - / 
Jo 



Putting z := we have 

S^(^ — tt) 
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exp 



U-2 (e-^^) -Li2 (zeT^) 



27V-I 

for small 7. Similarly putting w :— we have 

{q)j - exp 



exp 



Li2(z) 



27> 



^ exp 



~ exp 



27^-1 

— Li2{zw) 



U2{Z-^W-^) 



27 V- 1 

Therefore for large N we can replace the sum ( |3.l|) with the following double contour 
integral 

Li2(zw) + Li2(2:^^W^^) + Li2(2:) — Li2(w^-^) 



(5.1) 



exp 



dz dw 



27V^ 

with suitably chosen contour. Then the saddle point method (or the method of 
steepest descent) tells us that ( ^.l| ) behaves as a function of 7 like 

F(zo, Wo) 

exp 



(5.2) 



27 V- 1 

where F{z,w) :— — Li2(2;w) + Li2(2:^"'"W^"'") + Li2(z) — Li2(w^"'") and (zo,wo) is a 
solution to the following system of partial differential equations: 

dF 



(5.3) 



d z 

OF 
dw 



0, 



= 0. 



Since d Li2{z)/dz — — log(l — z)/z, ( p^ ) turns out to be 

Jlog(l - zw) + log(l - z^^uj^i) - log(l - z) = 0, 
I log(l - zw) + log(l - z^^w^i) - log(l - w^i) = 



and so we have 
(5.4) 



I (1 - zw){l - z~^w-^) = 1 - z, 
|(1 - zw){l - z-i^-i) = 1 - w^i. 

Therefore we want to find a solution to the following system of equations: 



2,,, 2 



(5.5) 



zw — z'^w + 1 = 0, 



z w 



z'^w^ — zw — z + 1 = 0, 



giving the trivial solution z = w ^ 1. 

To get a non-trivial solution we will regard z and w as elements in C = C U {00} 
and put u :— zw. Then (5^) becomes 

— u — zu + 1 = 0, 

- u - z + 1 = 0. 

Throwing away the trivial solution u = z = 1, we have 

iz = 0, 



(5.6) 



u + 1 = 0, 



giving non-trivial solutions (z = 0, u = cxp(7r\/— 1/3)) and (z — 0, exp(57rV— 1/3)) 
(w = 00). (I learned this 'blow-up' technique from J. Murakami.) 
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We denote by Fq the F{zo, wq) corresponding to the solution {z = 0,w — oo,u = 
exp(57r\/^/3)). Then 

3 {Fo) = -3 (Li2 (exp(57r\/^/3))) + 3 (Lia (exp(-57r\/^/3))) 

+ 3(Li2(0))-3(Li2(0)) 

= 23 (Li2 (exp(7rV^/3))) , 

where 9 denotes the imaginary part. Since 3 (Li2 (exp(6'^/^))) = JI (0) + 2 JI (tt — 
9/2) from [|[ (3.7)] (see also 3(-Fo) equals the volume of the figure-eight knot 
complem ent. 
From (IsT 



lim 

N^oo 



log|Jjv(4i)| 
N 



F{zo,wq)\ '^{F{zo,wq)) 



27r 



giving Vol(S'"^ \ 4i)/27r again, where 3? is the real part. 



6. A CHEATING CALCULATION 



In this section I follow D. Thurston |10, page 5] to get the limit by a 'formal' 
calculation. 
We put 

so that Jjv(4i) ~ j f{i,i)- Now consider the ratios f{hj)/f{i— and 
fihj)/fihj ~ 1) to find '(local) maxima/minima' of the function / (I am cheat- 
ing here!). To do that we will find a solution to the 'partial difference equa- 
tions' f{i,j)/f{i - = f{i,j)/f{i,j - 1) = 1, which might give '(local) max- 
ima/minima'. 



Since 



{l-q'+3){l-q-^'+^'>) 
(1 - Q') ^ 
(l-g»+^)(l-g-('+j)) 



we have 
(6.1) 



(1 — zw)(l — Z "'") = 1 — z, 

(1 — zw)(l — z^^w^^) = 1 — w^^ 



putting z :— and w :— q^ . 

Now we have the same system of equations as in the previous section (p~i|). 
We denote by /max Q the fij corresponding to the solution {z = 0,w = oo, u = 
exp(57r-v/— 1/3)) {u — zw). (I am also cheating since \q\ = 1 and so z = cannot 
be 0!) Since {q)i = {q)j ^ 1 for large N when = z = = w^^ = q^^ , we have 

/max 



(^l/2„^-l/2)(^2/2 



2 sin ( — I X 2 sin ( — I x • • • x 2 sin ( — 



N 



N 



55JV/6' 



which is the same value as before and gives the same limit. 



^MAX are Nana, Reina, Mina and Lina. Aquarius! 
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Note that a similar calculation using ( |4.l| ) was indicated by Thurston and gives 
the same result as in § ^ 

7. Geometry 

As seen in §§ || and ^ if we use the triangulation described in [|o) (see the picture 
below), the only two tetrahedra corresponding to u^^ = (7^(*+^= cxp(7^^/— 1/3) 
survive after taking the limit. 




k I 




Note that the equation u — u + 1 = in (5.6) is the hyperbolicity equation for the 




figure-eight knot complement which determines its hyperbolic structure. 

The calculations here suggest that in the limit each i?-matrix corresponds to five 
ideal tetrahedra, some of which may collapse, and the partial differential equations 
(appeared in § ||) and the par tial difference equations (appeared in § ^) give the 



same algebraic equations (|5.6| ), which coincide with the hyperbolicity equations. 
Due to Yokota this holds in much more general situation |l^. Therefore it is 
now very natural to expect that Kashaev's conjecture is true for any hyperbolic 
knot and that there should be a rich theory behind it. 
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